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A Theory of Load Adjustments and
its Implications for Congestion Control

Sergey Gorinsky, Manfred Georg, Maxim Podlesny, and Gipistlechlitschek

Abstract— Multiplicative Increase (MI), Additive Increase (Al),
and Multiplicative Decrease (MD) are linear adjustments ugd
extensively in networking. However, their properties are ot fully
understood. We analyze responsiveness (time for the totabad
to reach the target load), smoothness (maximal size of the ta
load oscillations after reaching the target load), fairing speed
(speed of convergence to equal individual loads) and scaldib
ties of MAIMD (Multiplicative Additive Increase Multiplic ative
Decrease) algorithms, which generalize AIMD algorithms \a
optional inclusion of MI. We prove that an MAIMD can provide
faster asymptotic fairing than a less smooth AIMD. Furthermore,
we discover that loads under a specific MAIMD converge from
any initial state to the same periodic pattern, called a caneical
cycle. While imperfectly correlated with smoothness, the anon-
ical cycle reliably predicts the asymptotic fairing speed We also
show that AIMD algorithms offer the best trade-off between
smoothness and responsiveness. Then, we introduce smoatks-
responsiveness diagrams to investigate MAIMD scalabiliéis.
Finally, we discuss implications of the theory for the pracice
of congestion control.

Index Terms— Congestion control, linear adjustments, fairing
speed, smoothness, responsiveness, scalability.

I. INTRODUCTION

To regulate network congestion, Transmission Control Prg-
tocol (TCP) [1] and numerous other protocols rely on Iine%

adjustments such as Multiplicative Increase (MI), Additiv
Increase (Al), and Multiplicative Decrease (MD) [10]. Lare
adjustments are also extensively used for various netwgrki

a theoretical justification for using AIMD in TCP congestion
avoidance [17]. Chiu and Jain also showed that an overall op-
timal MAIMD algorithm does not exist due to a fundamental
trade-off between responsiveness and smoothness.

Our choice of the model warrants an early discussion due
to the following concerns about Chiu-Jain model: 1) The
model makes oversimplifying assumptions. For instance, it
assumes uniform feedback to all users while measurements at
backbone routers show independent packet loss [6] and thus
support an alternative assumption of non-uniform feedpack
moreover, whereas MIMD control does not converge to equal
individual loads in Chiu-Jain model, MIMD is fair in models
with non-uniform feedback [3], [14]. Also, Chiu-Jain model
implies that traffic consists of only long-lived flows, whigh
an obvious deviation from the Internet reality; 2) The model
is not universal even in the context of congestion control.
In particular, due to the assumption of binary feedback, the
model does not lend itself to analysis of eXplicit Control
Protocol (XCP) [20] and other designs where routers provide
richer explicit feedback about congestion; 3) Chiu-Jairdeio
is almost two decades old. Since then, more elaborate models
have appeared and led to new insights and designs [2], [4]. [7
2], [21], [25]-[27]. Nevertheless, we believe that Cliiain
odel is appropriate for our investigation for the follogin
reasons of increasing importance:

« Wide applicability. Chiu-Jain model represents many

tasks beyond traditional congestion control, e.g., fordloa
balancing in clustered servers [32], active queue manage-
ment [11], wireless media access [16], and multicast group
subscription [9]. Despite the wide adoption of linear atjus
ments, their properties still require further understagdi

In this paper, we advance such comprehension by analyzing
linear adjustment algorithms in the classical Chiu-Jairdeto
where distributed users adjust their loads on a shared nesou
in response to uniform binary feedback that indicates wéreth
the total load exceeds a target [10]. The original analysi§ [
examined linear adjustment algorithms with respect torsg¢ve
interesting properties including responsiveness (tinetlie
total load to reach the target), smoothness (maximal size of
the total load oscillations after reaching the target), faiihg
(convergence to equal individual loads). Chiu and Jain gttow
that MAIMD (Multiplicative Additive Increase Multiplicave
Decrease) algorithms which generalize AIMD via optional
inclusion of MI are stable, i.e., provide convergence to the
target total load and equal individual loads. By revealingt t
the AIMD subclass of MAIMD algorithms offers the fastest
fairing after a single adjustment, the original analysigpied
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real scenarios with sufficient accuracy. The assumption of
binary feedback does not interfere with analyzing TCP,
which remains the dominant Internet transport protocol,
or more recent proposals such as Scalable Transmission
Control Protocol (STCP) [22] and Variable-structure con-
gestion Control Protocol (VCP) [33], which does not infer
congestion from losses but instead relies on explicit route
feedback. Uniform feedback is generally unrealistic but
does occur in real networks where congestion at a low-
multiplexing access link affects all local flows [31].
Elegance and intuitivenessThe model is elegant in for-
mulation and offers clear interpretation of derived result
More elaborate models become complex and lose intu-
itive appeal without eliminating all unrealistic assump-
tions. Lack of simple credible analysis [13] contributes
greatly to the Internet ossification [5] because complex
models fail to persuade a critical mass of stakeholders in
overall goodness of advocated innovations [18]. Although
Katabi, Handley, and Rohrs [20] proved XCP fairing in
a more complicated model, they supported the argument
with analogies between XCP and AIMD. The references
to AIMD (which is widely known as stable in Chiu-Jain
model) helped to alleviate concerns about XCP stability
and promote the overall positive reception of XCP, even
though XCP does not actually use AIMD but performs
nonlinear adjustments which depend on not only the
current load and fixed coefficients (as in Chiu-Jain model)
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but also the available network capacity (unknown to users 140 IResponsiveness

in Chiu-Jain model). T R S S S
« Standard framework for fairing analysis. Due to the

elegance and intuitiveness, Chiu-Jain model is extensivel

! Smoothness

used by textbooks to teach about fairing [23], [28] and by gor
research papers to prove fairing properties of new proto- Tl
cols, including nonlinear-control protocols [8], [19]4R o
Thus, it is important to understand the body of knowledge “ = MQL?ﬂi‘nﬁiiéﬁlé” e
induced by this standard analytical framework. 20 e oaderox

In this paper, we extend the classical theory of load adjust- ol

ments and establish a number of surprising results. Setition 0 2 4 6 8101214 16 18 20 22 24

conducts the analysis along the following three dimensions

1) Asymptotic fairing speed Our paper is the first to Fig. 1. Responsiveness and smoothness of MAIMD algorithms.
analyze the asymptotic fairing speed of MAIMD algo-
rithms. We show that an MAIMD with an Ml component
can provide faster asymptotic fairing than a less smoo@mploys a discrete timescale. Every instant on the timescal
AIMD. Trying to understand this counterintuitive resultfepresents a moment when all the users adjust their loads on
we discover that loads under a specific MAIMD conthe resource. At timeé, user; imposes a positive real lodg(t).

—

Time

verge from any initial state to the same periodic patteriector [(¢t) = (11(¢),l2(t),...,1,(t)) captures all individual
called acanonical cycle While imperfectly correlated loads. The total load of the users is

with smoothness, the canonical cycle reliably predicts n

the asymptotic fairing speed. We quantify the asymptotic L(t) = Z 1;(t). (1)
fairness convergence with fairing factor and express i=1

this metric as a function of the numbers of increases a%d : : , . .
. . y time ¢, the system provides all users with a uniform binary

decreases in the canonical cycle.

) feedback

2) Trade-off between responsiveness and smoothness
We prove that AIMD guarantees the best responsiveness £(t) = 0 if Lt—1)<C, @
among linear adjustment algorithms with equal smooth- 1 otherwise
ness of both increase and decrease. In particular, Al . . .
P fAﬁ t indicates whether the total load of the users after the

rules offer a better trade-off between responsiveness and . :
smoothness than Mi previous round of adjustments exceeds the target load.pExce

3) Scalabilities We introduce smoothness-responsivenefsosr the b|r_1ary feedbaclf(t), the system does not impart to a
di . . . user any information about the resource or other users.
iagrams to investigate scalabilities of MAIMD algo- ) ) . _ .
Chiu and Jain applied their model to analyze behavior of

rithms with respect to the number of users, target Ian, diust t alaorithms that ch the load of eaeh
and initial state. Ml exhibits ideal population scalalyilit ésef?)rllgvdg's ment algorithms that change the load of eaefvus

Capacity scalability of Ml is the best among linea
increase rules but is not ideal. Al is the best, and Ml () — x+pli(t—1) if f(t)=0,
is the worst, in terms of initialization scalability. i(t) = d+yl;(t—1)  otherwise

While the primary goal and chief contribution of this work here coefficientss, p, d, andy are constant real numbers.

are in extending the theory of load adjustments, Section . o

. : R ._The search for stable algorithms that converge from aniainit
of our paper briefly discusses implications of the theoadtic . .
o . . . . state toward the efficient fair state where the load of every
findings for the practice of congestion control. Direct pical

e P : . user is¢ identified the following stability conditions! = 0,
ramifications of the asymptotic fairing analysis appeaittih 0 < "< 1 > 0.andp > 1 ie. the decrease rule is
because the theoretical speed advantage of an MAIMD over_ Y -~ ' ST

i ) .gurely multiplicative, and the increase rule is additivéhaan
a less smooth AIMD is only marginal and seems unrealiz-",. S
gptional multiplicative component.

able in real networks. More significant for practice is our Our investigation refers to this class of stable algorithms
uantification of fairing speeds that reveals promisinghaes R " L2
d gsp P 9 as MAIMD (Multiplicative Additive Increase Multiplicatig

for future congestion control; e.g., since reaching higin fa

ness can take surprisingly little time, we sketch a prorgisirPeclzvrleAalllfAe[)) ar.1d.t0 ars]pecmc algorithm W'th'P thle mAH\I\;‘IFSIaSS
protocol where load oscillations stop after all present flo S (piz:y) wherep, , y are respectively the MI, Al,

: e . : and MD coefficients of the algorithm. Since an Ml component
discover their fair loads. Also, our analysis confirms therall . ) . .
ISCOV vl ! ysl : optional, AIMD forms an interesting subclass of MAIMD.

soundness of TCP design by offering theoretical rational o )

for using MI(2) in slow start and AIMD{;0.5) in congestion ?_r(]jenotelI\{IAIZ/ID(I,;:,y)’\leIﬁ/:MI.D(Iz,y).

avoidance. Finally, the theory of load adjustments exptdses . e total loa _under MAI Dfé'@'y_) converges hot to a
single value but into oscillating within a finite range ardun

performance trade-offs that explain why in trying to impgov load Fia. 1), The si  thi
upon TCP scalability and smoothness, STCP and VCP worégﬁ target load (see Fig. 1). The size of this range represent

responsiveness and fairing speed. smoothness’ of the algorithm:

®3)

Lmam - LGf (pO + TLZC) B UO nx
II. ANALYSIS OF LOAD ADJUSTMENTS S= C - C =Pyt H “)

A. Classical Model and Propositions where L, and L;,; are respectively the maximum and
In Chiu-Jain modely distributed users share a single reinfimum of the total load after it reaches the target load from
source that has a target load The model is synchronous andany initial state.
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ResponsivenesB of the MAIMD(p;x;y) algorithm is the 18
amount of time taken by the total load to reach the target load 6= ) );
from the initial state [10]: 14 e fogdeop i

[1ogp (M)—‘ if LO)<C, p>1, ;

p—1)L(0)+nz 10

Load

— C=L(0) i —
R= [T—‘ if L(0)<C, p=1, (5) Zi
el i o o
’Vlogy (L(O))] If L(O) > C 4 - —— ':lllx:a([:l)-&gfg.s;l;z)
.. . .. L -+ Target load
Individual loads oscillate similarly to the total load but 2 s
converge inf_ir_1itesima|ly close to each o_thEa_ir_nessF(t) at % . 4 6 8 10 12 14 16 18 20
time ¢ quantifies this process afsymptotic fairing Time
nﬁn li(t) Fig. 2. Total loads during the first common 20-step period djfistments
F(t)=“2=L (6) under AIMD(1;0.5) and MAIMD(z+0.5;1;2): 2 & 0.5266, C' = 14,n = 2,
max Li(t) andl(0) = (11, 1).
=1

Fairness takes its values from ran@el] and converges to. ) ] ) -
An ideal algorithm would minimize botls and R as well repre_sentguon that remaps fairness from its traditioanfje
as maximize the fairing speed. However, a fundamental trad& 1] into interval [0, oo]: _ _
off exists between smoothness and responsiveness: values @efinition 2: Nines-representatioN (¢) of fairessF'(¢) at
coefficientsp, =, or y that improve responsiveness worseHMe t 1S
smoothness. It is impossible to narrow down the MAIMD N(t) = —logyo (1 = F(2)). (8)
class to a specific algorithm with optimal responsiveness an This auxiliary representation has a simple interpretatioa
smoothness. integer portion of nines-representation shows the number o
With respect to the speed of fairing, Chiu and Jain observeg@nsecutive nines right after the decimal point in fairness
that whereas a single decrease does not affect fairnesgyla siFor example, the integer portion in the nines-represantati
increase under MAIMDgx;y) improves fairness the mostof fairness0.99925 is equal to3, revealing that fairness has
whenp is reduced tol. The observation led to a propositionthree consecutive nines right after its decimal point.
that the AIMD subclass of MAIMD offers optimal fairing. There are different ways to provide MAIMD and AIMD
with equal smoothness. We begin in conformity with the
classical single-step analysis where the compared atgasit

have the same Al component. To compensate the smoother

The classical assertion of the fastest fairing under AIMD IS, ..aase of AIMD with a smoother decrease of MAIMD. we
important because it serves as the only theoretical juestidio compare AIMD(z;y) with MAIMD( p;z:z) wherep = 1+z—3’/
for favoring AIMD over MAIMD in TCP and other prominent 5n4'g <, < » < 1. Each of the two algorithms has

protocols. Gorinsky and Vin cast doubt on optimality of i ¢, oothness — y + 2. Despite the assurance of a larger

under AIMD by showing that MAIMDg;z;y) with p > 1 firness improvement under AIMB(y) after a single increase

can raise fairness significantly higher than AIMDY) after ,m the same state, MAIMD¥z:z) might offer faster fairing
the same number of multiple adjustments [15]. However, this o long run:

observation rjgglects two aspects of the fairing problemstFi  Theorem 1:AIMD does not guarantee the fastest asymp-
the slower fa|r|ng_after a fixed number of steps does not megfic fairing among MAIMD algorithms of equal smoothness.
that AIMD(z;y) fails to overcome the lag eventually and then 14 improve readability, the main body of our paper includes
provide consistently better faimess than MAIMD(y). Sec- ony summaries of the proofs for this and subsequent theo-

ond, AIMD(z;y) is smoother than MAIMDg;z;y). Since there roms e relegate the proof details and supporting lemrata t
is the fundamental trade-off between smoothness and respga Appendix.

siveness, a similar trade-off might exist between smoa@$ine pof  Consider the system with two users, target load

and fairing speed. Then, the lag of AIMB{) might be due 14 anq initial state(11,1) and compare AIMDL;0.5) with
to its smoother parameter settings, rather than the absﬁncmAlMD( 2+0.5:1:2) wherez ~ 0.5266 is a root of the quartic
an Ml component. equation12z* + 2023 4+ 1122 + 4z = 9. The Appendix reports

Hence, we start our analysis by comparing asymptolife exact value of in Fig. 9. The algorithms have equal
fairing of MAIMD and AIMD when the compared algor'thmssmoothnessl%. The total load under AIMD(:0.5) follows a

have equal smoothness. To reason about speeds of asympfiCstep cycle of four increases and one decredsgk) =

B. Asymptotic Fairing Speed

fairing_, we define the_z following n_otion: 12, L(5k+1) = 14, L(5k + 2) = 16, L(5k + 3) = 8, and

_ Definition 1: Algorithm X' provides faster asymptotic fair- 5% 4 4) = 10 wherek is a nonnegative integer. The total

ing from initial statel(0) than algorithmy” if load under MAIMD(¢+0.5;1;2) changes with a four-step cycle
Ir Vi>r FX(@#)>FY (1) @) of three increases and one decreds@k) = 12, L(4k+1) =

14.319, L(4k+2) ~ 7.5404, and L(4k + 3) ~ 9.7409. Hence,
where FX () and FY () represent fairness provided at time the total loads under AIMD(0.5) and MAIMD(z + 0.5;1;2)
by algorithmsX andY respectively. have a common period @0 steps. Referring to AIMDI(;0.5)

As fairness asymptoticly approachgsthe traditional rep- and MAIMD(z + 0.5;1;z) with superscripts “A” and “M”
resentation of fairness becomes inconvenient due to adesmuespectively, we derive that™ (20k + 20) > F4(20k + 20)
tion of nines after the decimal point. To facilitate compari if F(20k) > F4(20k). Since F™(20) > F4(20), we
of fairness levels during asymptotic fairing, we define a neprove by induction thaf™ (20n) > F4(20n) for any positive
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Fig. 3. Faster fairing of MAIMD£ + 0.5;1;2z) over AIMD(1;0.5) whenz =~ 0.5266, C' = 14, n = 2, and f(o) = (11, 1): (a) slight lead after the first 20
steps, (b) first ten common periods of adjustments, (c) estiald during the tenth common period.

integern. Then, by Definition 1, AIMD does not guaranteeof m, load oscillations also converge from any initial state to
the fastest asymptotic fairing among MAIMD with equah unique periodic patterrCase 2(which covers all settings
smoothness. B that Case 1 does not): H(pC + nz) < C, then exactly one
To illustrate the above proof, Fig. 2 shows the first contlecrease follows each increase sequence, and the proofsnirr
mon 20-step period of the total loads under the compartfie reasoning in Case 1.
algorithms. Fig. 3a shows that MAIMD(@- 0.5;1;z) acquires  As per the above, load oscillations converge from any initia
a slight fairness advantage over AIMD({.5) after the first state to the same periodic pattern. Wittdenoting the period
common period. Although the algorithms take turns in prauration, we express the total load at tite: 7 + kT as
viding better fairness early on, MAIMDB(+0.5;1;2) overtakes 1— g
AIMD( 1;0.5) for good at time67 and then unfailingly yields L(t) = ¢"L(1) + T a
higher fairness, as Fig. 3b indicates. Fig. 3c shows the per- — 4
sistent lag of fairness under the AIMD algorithm during th&here represents an initial transient (which depends on the
tenth common period of the total loads. initial state),k is the number of subsequent periods, and values
To understand reasons for the counterintuitve The8f ¢ andr depend on the phase within the period but not on
rem 1, we examine sensitivities of the fairing speed undlite initial load. Since/* — 0 and L(t) — 1=, whent — oo,
AIMD(1;0.5) and MAIMD(z + 0.5;1;z) to the system con- the total load converges from any initial state to valqésq,
figuration. Fig. 4a shows that MAIMD(+ 0.5;1;z) outpaces that form a unique canonical cycle. o u
AIMD( 1;0.5) after 200 steps from all examined initial loads. Theorem 2 suggests that the asymptotic fairing speed of
Hence, MAIMD(: +0.5;1;z) excels not because of starting if?" MAIMD is determined by the canonical cycle, rather than
a special state that forces the total loads under the ahgosit SMoothness. This leads us to the insight that MAIMB(y)

to oscillate with the common period disadvantageous f¥fith p > 1 might converge to fairness faster than an AIMD
AIMD( 1;0.5). Fig. 4b hints at a likely reason for the resiliencdVith worse smoothness in terms of both increase and decrease

to the choice if the initial load: from different initial ¢s,  1heorem 3:An MAIMD algorithm with an MI component

the total load under MAIMD converges to the same periodf@ Provide faster asymptotic fairing than an AIMD algarith

pattern of oscillations. We represent this periodic pattgith With worse smoothness of both increase and decrease.

a canonical cycle Proof: For the same system configuration as in the proof
Definition 3: A canonical cycle of an adjustment algorithnPf Theorem 1, we compare the asymptotic fairing speeds

is the shortest finite repeating sequence of total loads run&éoéllv('gg %ﬁ@é?ggwMD(1-00014,0-999,y) wherey =

the algorithm, starting at the smallest value. —Tooormaoor - ~ 0.5716. The two proofs are similar
For example, the canonical cycle of AIMD(.5) in the N general but this proof overcomes a new subtle challenge

above system withC' = 14 andn = 2 is (8,10,12,14,16). that arises because MAIMD(0014;0.999;y) converges to the

Convergence to a canonical cycle is a property of all MAIMIyalues of its canonical cycle asymptotically instead ofextiiy

r 9)

algorithms: to them exactly. m
Theorem 2:The total load under an MAIMD algorithm The presence of the MI component in the MAIMD is not
converges to a unique canonical cycle. essential for the above proof. For instance, AIM[) with

_ _ 13336 H
Proof: Consider a system with target load, n users, ¢ = 0-9999 andy = 55550 ~ 0.5715 also provides faster

and MAIMD(p:z;z) control. Case 1 If pzC + nz > C asymptotic fairing than AIMDL;0.5) despite being smoother

then exactly one increase follows each decrease sequeffederms of both increase and decrease.

and lengths of all decrease sequences that follow an imreas(forollary 1_: Th_e_re exists no fundamental trade-off between
differ by at most one step. Let denote [1og O __ W If the asymptotic f.a.|r|ng speed and smoothness.

z pzCtna Unlike the initial state, the target load does affect the
m > log, ==, then the total load converges to the periodigyalitative outcome of comparing the fairing speeds of the
pattern of one increase amd decreases. lin < log, chm algorithms from the proof of Theorem 1. Fig. 4c shows that
then each decrease sequence contains eithesr m + 1 MAIMD( z +0.5;1;2) supplies faster fairing than AIMD(0.5)
steps, depending on whether the underload after the p®viawly in a narrow region around the target load Furthermore,

decrease sequence is at méstC="2 or above. In this range raising the target load slightly beyond this region makes th
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Fig. 5. Sensitivities of the fairing speed to MAIMD coeffints: z &~ 0.5266, n = 2, andi{0) = (11, 1).

canonical cycle of MAIMD¢+-0.5;1;2) change frequently. The  Proof: Denoting the maximum individual load at tinteas

canonical cycle of AIMD{;0.5) exhibits similar sensitivities [,,..(t), we express improvement of fairness after one increase

to the target load. For instance, when the target load redues

from 14 to 13.99, the canonical cycle of AIMDI;0.5) changes Lmas ()

from (8,10,12,14,16) to a 39-entry sequence that starts at N (t) — N(t —1) =log;y ————*— —log,p  (12)

: N . . lmaz(t — 1)

its minimum value6.996, peaks8 times, and contains the

maximum valuel5.984 in the 35-th entry. and lack of change in fairness after one decrease as
We now study sensitivities of the fairing speed to MAIMD Inae ()

coefficients. Fig. 5 agrees with Corollary 1 that no funda- N(t) — N(t—1) =log;y ————— —log;p 2.  (13)

mental trade-off exists between smoothness and asymptotic lmaa (t = 1)

fairing speed. The graphs also show definite, though nonken, average improvement of fairness from titnto ¢ is

monotonic, dependencies of the fairing speed on the MAIMD las(t)

coefficients that determine smoothness. In general, thiadai N(t) — N(0) 10810 7255y — i(f) logyo p — d(t) logy 2

speed improves as the Ml or MD coefficient decreases, or the ¢ t

Al c_oefﬂme_nt INCTeases. - . wherei(t) and d(t) are respectively the overall number of
Fig. 3b indicates that after an initial transient, averagy reases and decreases from titneo ¢. Since load oscilla-

|r;1pbr|0ver:1en|_t| of falr?esim |tst nllnest-hrepresen'iattllor; (g?am% tions converge to the canonical cycle, we apply Definition 4
stable rate. Hence, to characterize the asymptotic fasfiegd "o .o Equation 11. -

of MAIMD algorithms, we introduce the following metric It is interesting that the Al coefficient affects the fairing

caIIed_ quiring fac_tgr. . . factor of MAIMD(p;x;z) only indirectly through the numbers
Definition 4: Fairing factor¢: of an MAIMD algorithm is of increases and decreases in the canonical cycle. Fig. 6
G — lim N(t) — N(0) (10) illustrates the accuracy of the fairing factor as a predicto
t—00 t ' of average fairness improvement under MAIMEI(;z) where
Then, we express the fairing factor of an MAIMD in termg ~ 0.5266 and p varies from1 to 1.1. For time interval
of properties of the canonical cycle: [0,50], the prediction is significantly off due to the initial tran
Theorem 4:The fairing factor of MAIMD(;z;2) equals  Sient. Extension of the averaging interval ©2)0] subdues
the contribution from the initial transient and improve® th
_Tlogyp+ Dlogyp 2 (11) prediction dramatically. Finally, shifting the averagimgerval
I'+D to [50,250] yields an almost perfect prediction, indicating that
where and D are respectively the number of increases arttle fairing factor is an appropriate metric for represemtine
decreases in the canonical cycle of the algorithm. asymptotic fairing speed of an MAIMD algorithm.

G:
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0.062 T T MD in the broader context of MAD (Multiplicative Additive
- gé’}j* Decrease) and AD (Additive Decrease) rules and derive:
0.060 - ' o8 ++;§*ﬁ Theorem 6:MD guarantees the best responsiveness among
) Of’ +f+# linear decrease rules of equal smoothness.
_ 0058 - o0 Proof: Let A denote a decrease rule MAR{) or AD(d);
% . o0 in this proof, AD() is equivalent to MAD(;d). To avoid
0056 - o undershoot to negative values, additive decrease is gubjec
Z,L%L, L O%oo;f to truncation to zero [10]. Hence, smoothness of rdlas
0.054 - &@ﬁﬁ e o time 00 50 min{l — ¢ — %’; 1}. Then, consider the decrease rilethat
ke o fomtime 0 to 200 uses MD() with y = max{q + 2¢;0} and has equal smooth-
0.052 ZO:;}H* +  from time 50 to 250 ness. Let us denote responsiveness of Mlas R. Supposing
o C<LM(t—-1)<LA{t-1)foranyt from1to R—1, we
0.050 ! ‘ ‘ ‘ ‘ derive C < LM(t) < LA(t). Since LM(0) = L4(0), we
0.050 0.052 0.054 0.056 0.058 0.060 0.062 establish by induction that’ < LM (t) < LA(t) for any time
Average fairess improvement t from 0 through R — 1. Thus, responsiveness of ruleis at

Fig. 6. Accuracy of the fairing factor as a predictor of ageramprovement leastz. Hence, MD guarantees the best responsiveness among

in the nines-representation of fairess under MAIMD(z) wherep varies MAD and AD rules with equal smoothness. u
from 1 to 1.1, z =~ 0.5266, n = 2, C' = 14, andl(0) = (11, 1). The duo of Theorems 5 and 6 establishes that AIMD pro-
vides the best trade-off between responsiveness and smooth

ness:
C. Trade-Off between Responsiveness and Smoothness  coollary 2: AIMD guarantees the best responsiveness
In this section, we examine MAIMD and AIMD algo-among linear adjustment algorithms with equal smoothness
rithms when they have equal smoothness of both increase afidoth increase and decrease.
decrease, i.e., we compare AIMBY{) and MAIMD(p;v;y)
wherex = v + w and1 < p < 1+ %7. Both algorithms .
overshoot the target load by at most. D. Scalabilities
First, we compare increase rules Aj(and MAI(p;v). Fo- According to Theorem 5, Al guarantees the best respon-
cusing on the increase components preserves the funddmesivgness among MAI and MI with equal smoothness. However,
trade-off between responsiveness and smoothness: valueseiting the coefficient for Al(z) to achieve equal smoothness
coefficientsr, p, andv that improve responsiveness of increaseith an MAI(p;v) or Mi(p) rule requires knowledge of .
worsen smoothness of increase. Comparison oft)And Since the users do not know this value, we now examine
MAI(p;v) under equal smoothness produces the followirggnsitivities of responsiveness and smoothness to thoioly
surprising theorem, the formulation of which also covers Mhree system parameters: (1) numbewf users, (2) target

rules: load C, and (3) initial loadZ(0). We evaluate scalabilities of
Theorem 5:Al guarantees the best responsiveness amoimngrease rules along each of these three dimensions selyarat
linear increase rules of equal smoothness. and refer to respective scalability properties @spulation

Proof: Let M be an increase rule MAp(v) or Mi(p); in this ~ scalability, capacity scalability andinitialization scalability.
proof, Mi(p) is equivalent to MAIp;0). Consider the increase A parameter change can affect both smoothness and respon-
rule A that uses Alf) wherex = v+w71m_ RulesM andA siveness. Instead of combining these two aspects of effigien
have equal smoothnesgs 1+ . Let us denote responsivenesinto a single metric, we propose to study the scalabilities
of rule A as R. SupposingL™(t — 1) < LA(t — 1) < C with scatter diagrams of smoothness and responsiveness.
for any ¢t from 1 to R — 1, we derive L (t) < LA(t) < Subsequently, we refer to these diagrams sasoothness-
C. Since LM(0) = LA(0), we establish by induction thatresponsiveness (SR) diagrams
LM(t) < LA(t) < C for any timet from 0 through R — Fig. 7a presents an SR diagram for #l( MAI(1.1;2),
1. Thus, responsiveness of ruld is at leastR. Hence, Al and MI(1.2) when L(0) = 100, C = 1000, andn changes
guarantees the best responsiveness among MAI and MI withm 1 to 100. First of all, the graph confirms that Al offers
equal smoothness. m the best trade-off between smoothness and responsiveness.
We called Theorem 5 above a surprising result because Mhenn = 50, the three rules have equal smoothneg%
is often perceived as more aggressive in acquiring availaliiut responsiveness of Al is 5, of MAI(1.1;2) is 7, and
capacity, i.e., more responsive. However, responsiveigesof MI(1.2) is 13. Similarly, smoothness of Al is 7.2%, of
subject to the fundamental trade-off with smoothness. ThadAl(1.1;2) is 12.8%, and of MI(1.2) is 20% when the rules
rem 5 states that with smoothness being equal, Al is at lsast@ve equal responsivenes [this occurs when AK) serves
responsive as any linear increase rule with an MI componeb$. users, and MAI(1.1;2) servelst users]. The SR diagram
The result has an intuitive explanation: while AJ(always also illustrates that Ml rules provide the best population
responds to underload with increases of constant size, pggalability. MI(1.2) has constant smoothness 20% and respo
increase gains under MAlfv) or MI(p) are smaller when siveness 13 regardless of Moreover, MI(1.2) is smoother
applied to smaller loads; thus, having the same overshdbban Al(4) with n > 51 and more responsive than Al(4)
after reaching the target load implies that #)l(needs the with n < 17. By displaying a lesser dispersion of points for
smallest number of increase steps to reach the target frgm &hAl(1.1;2) than for Al(4), the diagram reveals that popidat
underload. scalability of MAI rules is better than with Al but is still wee
Since AIMD(z;y) and MAIMD(p;v;y) use the same de-than the ideal population scalability of MI.
crease rule MDY), their decrease behaviors are identical. Fig. 7b examines capacity scalability by plotting an SR
Nevertheless, striving for comprehensiveness, we examigiagram for the same three rules whéig0) = 100, n =
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Fig. 7. Scalabilities of Al, MAI, and MI rules: (a) populaticscalability whenZ(0) = 100, C = 1000, andn changes fronl to 100; (b) capacity scalability
when L(0) = 100, n = 50, andC' changes fron500 to 50000; (c) initialization scalability whem = 50, C' = 1000, and L(0) changes fron2 to 200.

50, and C changes from500 to 50000. The outcome is the canonical cycle depends on the target load and number
qualitatively similar to the observed for population stidity. of users, choosing an MAIMD to optimize the asymptotic
Capacity scalability is the worst with Al, intermediate Wit fairing speed is practically infeasible, while any change i
MAI, and best with MIl. However, Fig. 7b also reveals ar or n is likely to make the chosen algorithm suboptimal.
important difference: while MI(1.2) does support constariven modest random noise in a real network is capable of
smoothness 20% regardless @f responsiveness of MI(1.2) subverting such optimization. Hence, AIMD remains the most
worsens from 9 to 35 as the target load increases. Henpejdent practical choice among MAIMD algorithms from the
capacity scalability is not ideal even under Ml. fairing-speed perspective.

Finally, Fig. 7c reports an SR diagram to capture initial- Indirect but more significant practical benefits of our asymp
ization scalability of Al¢), MAI(1.1;2), and MI(L.2) when totic analysis lie in the quantification of the fairing speed
n = 50, C' = 1000, and L(0) changes fron2 to 200. In these In many realistic scenarios, an MAIMD or AIMD algorithm
settings, the rules maintain equal smoothness 20%. Howewmnverges to high fairness surprisingly quickly. Furtheeitha-
MI(1.2) shows a much greater sensitivity to lowering the initiions of the loads yield no meaningful improvement in fagme
load: responsiveness worsens frénto 35 for MI(1.2), from but keep causing such undesirable effects as long queuing
6 to 8 for MAI(1.1;2), and only from4 to 5 for Al(4). At at the bottleneck link or low utilization of the link capacit
the first glance, the results might seem surprising becaulsis observation led us to design Multimodal Control Protoc
responsiveness of Ml is logarithmic whereas responsiwené®CP) where a flow maintains steady transmission after
of Al is linear. The explanation is simple: responsiveneiss discovering its fair efficient rate [29], [30]. By allocatjrfew
MI(p) depends on ratieL(C—O) while responsiveness of Aff is  bits per packet to communicate control information between
a function of difference”’ — L(0); hence, as the initial load routers and hosts, MCP keeps queuing low, avoids packet
approache$, responsiveness of Mij worsens without bound losses, and utilizes the bottleneck link efficiently in thabte

but responsiveness of Al is limited from above bgw mode. To ensure convergence to fairness, MCP incorporates
an innovative mechanism that enables a flow to urge all flows
ll. | MPLICATIONS FOR CONGESTIONCONTROL sharing its bottleneck links to operate in a fairing modeiclvh

Whil tending the th t load adiust ‘ it tis dedicated to fairness improvement.
e extending the theary of 'oad adjustments COnSUUles 4 quantification of the fairing speed also suggests that if

the primary focus and chief contribution of our paper, we no}é’ongestion control protocol prefers to employ a single &mp
briefly discuss implications of our theoretical findings foe algorithm for load adjustments, then an MAIMD with an M|

pra_ct|ce O.f c_ongestlon control. Sections IlI-A, 1I-B, afi:C component might constitute a reasonable choice. Whildylike
review existing protocols and suggest future avenues for Qq offer slower asymptotic fairing than an AIMD, the MAIMD

g_e§t|on cor:trt(_)l ;’:"‘?T‘g three ;e?pedctlveﬁdl;nlensmns of OH'Y""” might take comparable time to supply high fairness and be a
SIS asymplotic faifing speed, trade-ofl DEWEEN IESPaNSISS 1, otter overall pick due to strengths in other propertieh ag

and smoothness, and scalabilities of MAIMD algorithms. population and capacity scalabilities.

By exposing the definite correlation between better smooth-

A. Asymptotic Fairing Speed ness and slower fairing, the fairing analysis also shed# lig

The asymptotic fairing analysis established the most cousn performance of existing protocols. For instance, whiPT
terintuitive result that an MAIMD can provide faster asympin congestion avoidance relies on AIMD(.5), VCP opts for
totic fairing than a less smooth AIMD. Also, the analysis waAlMD( 1;0.875) to improve on TCP smoothness. In agreement
by far the most challenging intellectually, e.g., in the ot with our theory, the larger MD coefficient gives VCP not
of proving the existence of the unique canonical cycle armhly smoother load oscillations but also slower convergenc
predicting the fairing speed with the fairing factor. On théo fairness.
other hand, direct practical ramifications of the asymptoti
analysis appear limited. The fairness advantage acquyrea b .
MAIMD over a less smooth AIMD is only marginal and arised Trade-Off between Responsiveness and Smoothness
due to differences in their canonical cycles, rather thamfr  Trying to understand deeper the fundamental trade-off be-
a fundamental necessity of the Ml component. Besides, sirteeeen responsiveness and smoothness, we showed that AIMD
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15 algorithms. We proved that an MAIMD can provide faster
asymptotic fairing than a less smooth AIMD. Furthermore, we
discovered that loads under a specific MAIMD converge from
any initial state to a unique canonical cycle. While impettie
correlated with smoothness, the canonical cycle predias t

e}

c

2

o

®

=]

3

e 3 asymptotic fairing speed reliably. We quantified the asytipt

e 5 fairing speed with a fairing factor and expressed this roetri

e 5 as a function of the numbers of increases and decreases in the

L T SToP with AI() when cwnd canonical cycle. Besides, we proved that AIMD guarantees th

g 2 is between 16 and 100 best responsiveness among linear adjustment algorithths wi
é | L | | L | equal smoothness of both increase and decrease. Then, we
20 30 40 50 60 70 80 90 100 introduced smoothness-responsiveness diagrams toigstest

Congestion window (cwnd) upon loss population, capacity, and initialization scalabilitief Imear

adjustments. Our analysis showed that Ml exhibits the best
Fig. 8. Slow responsiveness of STCP in the congestion-amoiel mode Capacity scalability and ideal population scalability lehAl
when the congestion window is und&go. offers the best initialization scalability.
Due to the general nature of the theory, the findings of

] . ] our analysis are potentially applicable to a great varidty o
guarantees the best responsiveness among linear adjastmen oplems in networking and distributed systems. At the end

gorithms with equal smoothness of both increase and deeregs this paper, we just briefly discussed some implications fo
This surprising result represents an additional the@e8e- he practice of congestion control. In particular, we reséd
gument for using AIMD in TCP congestion avoidance. TCP, STCP, and VCP in the light of the theory and discussed

More interestingly, the theorem reveals that Ml rules argomising directions for future congestion control.
not inherently more responsive than Al rules. Fig. 8 illasts

this for STCP which strives to improve on TCP scalability
by using MI(1.01) instead of Al() in congestion avoidance. )
Setting the MI coefficient td.01 hampers responsiveness of Lemma 1:FairnessF'(t) under MAIMD equalsl (t)/1;(t)
increases when the load is undér. STCP takes up to eleven'Wherek and; identify users with the minimum and maximum
extra round-trip times to restore the congestion windowraftinitial loads respectively. .
a loss than an STCP modification with A)(would when the  Proof: By definition, F(t) = m_nla li(t)/mjafc I;(t). Since
congestion window is betweei§ and 100 [STCP uses M) 5, > 1 andy > 0 in MAIMD(p:z}y), adjustments do not
for increases from lower loads]. change the order of individual loads:> 1,,, impliesz+pl; >
Again, VCP is an example of recent proposals that improverpi,,, andyl; > yl,,. Hence,F'(t) = lx(t)/1;(t) wherek and
upon one property of TCP congestion control at the expenséentify users with the minimum and maximum initial loads
of another property. While TCP uses M)(in slpw stg_rt, V.CP. respectively, i.e.0;,(0) = Hﬁn 1:(0) and;(0) = max 1(0). m
employs MI(.0625) whenever the bottleneck link utilization is . i=1 . i=1
below80%. Due to the smaller MI coefficient, VCP exercise Proof details fqr Theorem 1. Since fairessf(t) equals_
smoother control but exhibits worse responsiveness thah T (t)/ll(t_) according to Lemma 1, and the total Ioad_ at time
t =20k is L(t) = l1(t) + I2(t) = 12 under both algorithms,

in slow start.
we can express the user loads as

APPENDIX

C. Scalabilities 1 (20k) = 12F(20k)

12
, ) . F(20k) +1 F(20k)+ 1

With respect to responsiveness and fairing speed undetr equa ) ]
smoothness, AIMD offers the best basis for practical congdgom time 20k to time 20k + 20, the twenty adjustments
tion control among linear adjustment algorithms. Howewar, transform any load(20k) under AIMD(1;0.5) to
analysis showed thgt_AI is infgriqrtg Ml in terms of popu.dmi 1(20k + 20) = pl(20k) + r (15)
and capacity scalabilities. This finding explains the nnodtdal
design of TCP: MIR) in slow start is for scalable acquisition ofwhere
available capacity while AIMDK;0.5) in congestion avoidance
supplies fast fairing with increases that are at least atdmo
as in slow start. and under MAIMD¢ + 0.5;1;2) to

When the available capacity surges due to an increase in
the bottleneck link capacity or dramatic decline of competi 1(20k +20) = ql(20k) + 5 (17)
traffic, remaining TCP flows keep operating in congestiojhere
avoidance and suffer from the poor scalabilities of Al. This
deficiency of TCP design is captured by the theory of load’-06003 < ¢ <0.060031 and 5.6398 < s < 5.6399. (18)
adjustments and cqnstitutes the main reason for Conti”@&'pposing that
research on alternative controls.

and I2(20k) = (14)

p=0.0625 and r = 5.625 (16)

FM(20k) =G and F4(20k) = H (19)
V. CONCLUSION where

ThIS paper extende(_j the classical C_h|u-_J_a|n theory of load 0<H<G<1, (20)
adjustments by analyzing the asymptotic fairing speegames
siveness, smoothness, and scalabilities of linear adgrgtmwe derive:
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Fig. 9. Multiplicative decrease coefficieatfor MAIMD( z + 0.5;1;2) in the proof of Theorem 1~ 0.5266).

decrease oscillation splitsC; C] into two intervals of under-
loads: oscillating withm decreases lift§zC'; L] into interval

M A
F7(20k +20) — F7(20k + 20) (zmTpC + z™na; C], while oscillating withm+1 decreases

= { Lemma 1} lowers (L; C] into interval (2C; 2™ 'pC + 2™ !nz]. A gap
13(20k 4+ 20)  15'(20k + 20) with width (1 — z)z"nx separates the two created intervals.
IM(20k +20)  1£(20k + 20) Hence, the cumulative coverage by possible underloads re-
—  { Equations 15 and 1} duces after the oscillation.

Subsequent oscillations make similar impacts on intenfls
possible underloads. Léf; g] denote an interval of underloads
before an oscillation. Then, the oscillation transformsg th

gl (20k) + s B pl4 (20k) +
M (20k) +s  pl{(20k) +r

= { Equations 14 and 19 interval as follows:
qclf—ﬁ +s p}f—ﬁ +r o If L € (f;9g), the oscillation splits interva(f;g] into
G2 +s  ppEg v two intervals: (:™(pf +nx); C] at the very top and
= (2C; 2™ (pg + nx)] at the very bottom of the original
12((ps — qr)(1 — GH) + (12pq + ps + qr)(G — H)) interval (zC; C] of possible underloads.
(12¢ + s+ sG)(12p +r + rH) « If L > g, the oscillation lifts interval f; g] into interval
> { Equations 16 and Inequalities 18 (2" (pf + nx); 2" (pg + nx)).
0.17775(1 — GH) + 8.8221(C — H) o If L % f, then the oslcillation lowersf; g] into interval
(6.3603 + 5.6399G)(6.375 + 5.625H) (=" (pf + na); 2"+ (pg + na)].

o Each oscillation reduces the cumulative length of possible
> {Inequalities 20} underload intervals. A finite number of oscillations plades
0. inside a gap between two intervals or at the upper bogder
Therefore, we establisB™ (20k + 20) > FA(20k + 20) if of some interval f; g]. At thi_s p_oint, the process of splitting
FM(20k) > FA(20k). m Stops, a_md subsequent oscnlatlons do not change the number
Proof details for Theorem 2: In Part | of the proof, we show ©f the intervals. Furthermore, since a gap forms under an
that oscillations of the total load converge from any irisiate interval only when an oscillation lifts the interval frometiery

to a unique periodic pattern of increases and decreases, THEttom of (2C; C], each of the stabilized number of intervals
Part Il proves that the total load under this periodic pattr 'S reachable from every other interval through a finite seqae

adjustments converges to values forming a canonical cycIeOf oscillations. Hence, the total load converges from aitigin

Part I: First, we consider the settings where an increase affépte 1 the same periodic pattern of adjustments.
Case 2(which covers all settings that Case 1 does not):

reaching the target load is at least as potent as a decrease,
Case 1:If pC + nz > C, then exactly one increasell #(PC +nz) < C, then exactly one decrease follows each

follows each decrease sequence. In a decrease sequencdGEEASE sequence. The proof mirrors the argument in Case 1.

tween two increases, the number of steps belongs to inte er the total load reaches the target, lengths of all iasee
c c - . sequences differ by at most one step. In Case 2.1, eachs$ecrea
[logz sz0 e L+ 1og, pc—mg. The length of this interval is

sequence contains exactlysteps. In Case 2.2, each increase
betweenl and2. Hence, lengths of all such decrease sequenvse&quence contains eithgior j + 1 steps, but load oscillations
differ by at most one step. Let denote Pogz pzcﬁ—‘ converge from any initial state to a unique periodic patiarn

Case 1.11f m > log, pcﬁ, then each decrease sequendhis case as well.
contains exactlyn steps. Hence, oscillations of the total load Part II: With T denoting the period duration, we express
converge from any initial state to the periodic pattern o€ orthe total load at any timeé = 7 + kT as
increase andn decreases.

Case 1.21f m < log, ;=57 then each decrease sequence L) = qL{t=T) +r (21)
contains eitherm or m + 1 steps, depending on whether thavherer represents an initial transient (which depends on the
underload after the previous decrease sequence is atImest initial state and includes the phase within the periéd) the
z—C-nz or above. When the current total load belongs taumber of subsequent periods, and valueg ehdr depend
(2C; L], the subsequent increase is followedsbydecreases, On the phase within the period but not on the initial load. A
but when the load lies iftL; C], the increase is followed by series ofk periods transforms the total load into:

m + 1 decreases.

Interval (2C; C] consists of underloads that are possible

after the total load reaches the target. A single increase-

(22)
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As time advances, the contribution froh{r) into the current
load diminishes, and.(¢) becomes shaped by the cumulative
impact of intermediate additive increases, i€, — 0 and

L(t) — = whent — oco. Hence, the total load converges

FM(20k + 25) — FA(20k + 25)

from any initial state to values’ that form a unique = {Lemma 1}
canonical cycle. | 13720k +25)  13'(20k + 25)
Proof details for Theorem 3: According to Theorem 2, 1M (20k +25)  1{(20k + 25)
the total load under MAIMD1.00014;0.999;y) converges to a = { Equations 23 and 25
unigue canonical cycle, which id:(4k) ~ 10.0019, L(4k + g (20k +5)+s  pld(20k +5) +r
1) ~ 12.0013, L(4k + 2) = 14.001, and L(4k + 3) ~ 8.0028. -

gl (20k +5) +s  pl{{(20k +5) +r
From time20k+5 to time 20k + 25, the twenty adjustments =  { Equations 27, 30, and 2B

transform any load(20% + 5) under AIMD(1;0.5) to LM (20k+5)G 12H

R B ;e =

LY |

1(20k + 25) = pl(20k + 5) +r (23) 9=+t
> { Inequalities 29 and 3}
12.0014G 12H
where 9ot Pt
s Pt
p=0.0625 and r = 5.625 (24) > { Equations 24 and Inequalities 26

0.09777(1 — GH) + 8.903(G — H)
(6.3676 + 5.6338G)(6.375+ 5.625H)
> { Inequalities 31}
0.

and under MAIMD(.00014;0.999;y) to

1(20k + 25) = ql(20k + 5) + s (25)

Therefore, we establish by induction th&af! (20k + 5) >
FA(20k+5) for any integer > 7. MAIMD( 1.00014;0.999;y)
provides faster asymptotic fairing than AIMD().5). ]

Proof detailsfor Theorem 4: An increase at timéimproves
the nines-representation of fairness under MAIMI2(z) by:

where

0.06114 < g < 0.061141 and 5.6337 < s < 5.6338. (26)

Since fairness'(20k + 5) is 12(20k + 5)/11(20k + 5) ac-
cording to Lemma 1, and total load(20k + 5) equals N(t) = N(t - 1)
11(20k 4+ 5) + I2(20k + 5), we express the user loads at time

t = 20k 4+ 5 under each of the algorithms as: = { Definition 2 and Lemma

logo (1 - M) . (1 B lmm<t>)

lmam (t - 1) lmaz (t)
0 _ LO)F() _
WO =Fp31 a9 eO=F557 @D (st =)~ b 1) L (1)
810 ( lmam (t - 1) . lmam (t) - lmzn (t)>
The total load under AIMDK;0.5) is equal to = { L) ==z +pl(t—1) for bothi € {max,min} }
10g10 lmam (t) 7
LA(20k 4 5) = 12. (28) Plinaz(t —1)

We prove by induction for any integér > 7 that the total e,

load under MAIMD(.00014;0.999;y) is bounded from above

as: lma;ﬂ t
N(t) = N(t = 1) =logy, ﬁ — logy p- (32)

LM(20k + 5) < 12.0014. (29)

A decrease at time does not affect fairness but with
We also observe tha™ (145) > F4(145). Supposing that ~derivations similar to the above, we express the lack of ghan

as:
FM(20k 45) =G and FA(20k+5) = H (30) _
N(t)— N(t—1) =logy, % — logyg 2. (33)
where e
V<H<G<1, (31) To compute the average improvement in the nines-

representation of fairness from tinteto ¢, we represent the
overall number of increases and decreases during this time
we derive: interval asi(t) andd(t) respectively and derive:
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Proof details for Theorem 6: If ¢+ 2¢ > 0, theny = 0,
and ruleM reaches” from overload in one step. Otherwise,

N(t) — N(0) y =g+ and
Y (N(7) = N(r 1)) LM(t)
B TZ{lE uations 32 and 33 =  { Decrease under rul&/ }
- , q yLIL[(t _ 1)
log;, % —i(t) logigp — d(t) logyg 2 < { HypothesisC' < LM (t —1) < LA(t - 1) }
_ 7=t mat? yLA(t —1)
Lty (7) = { Decrease under ruld without truncation ta) }
logyg H lm::zj- 1) i(t) logiop — d(t) logyg 2 y(LA(t) — nd)
- ! q
= = nd
log;, M —i(t) logyop — d(t) logyg 2. a ty=a+ “ )
bz () LAW) + (1A 6) - y0)
Then, we express the fairing factor of MAIMPY(;z)
algorithm as follows: < {LA{t)>Candnd <0}
G LA (1)
A
= { Definition 4} < AL <C}
_ C.
lim N(t) — N(0)
t—oo t |
= { previous derivatior}
~ logyg ll:::((é)) —i(t)1og p — d(t) logyg = REFERENCES
tirélo t [1] M. Allman, V. Paxson, and W. Stevens, “TCP Congestion {@1t) RFC

2581, April 1999.

= { lmaz(t) is bounded from above and below

< { HypothesisLM(t —1) < LA(t—-1) < C }

(2
it ot
- (tlggo —(t)> logyop — (tlggo —i)> logyo 2

- , 3
{ load oscillations converge to the canonical cygle )

! lo lo 4
__ - _ _I o
T+ D g10P T+ D 210 [4]

where and D are respectively the number of increases and
decreases in the canonical cycle. Hence, the fairing fastor

(5]

_ Ilogyp+ Dlog, 2

G:
I+D

(34) 18]
m [

Proof details for Theorem 5:

LM (1) 8]

= { Increase under rula/ } 4]

pLM(t —1) +nv
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pLA(t —1) +nv
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p(LA(t) —nv — (p—1)C) + no
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A A
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